I consider N = 1 U (N ) gauge theory with matter in the adjoint, fundamental and antifundamental representations. Focusing on the equations defining the Riemann surface that describes the quantum theory, the gaugino condensates (and related superpotentials) are calculated in the limit of SU (N ) gauge group, both in the pure theory and in the presence of matter. In the case without fundamental matter it is investigated the structure of the space of vacua. In particular it is discussed how different vacua can be related, in a way which finally helps to count them.
Introduction
After the work of Dijkgraaf and Vafa [1] , where an interesting and useful relation between supersymmetric gauge theories and matrix models has been proposed, the dynamics of N = 1 supersymmetric gauge theory has been much investigated. A lot of effort has indeed been spent to test, generalize and prove [2, 3, 4] the conjecture made in [1] . This has brought a much deeper comprehension of the quantum dynamics of gauge theories. In particular, the study of the various physical quantities as a function of the parameters that define the theory has shown that at the quantum level there is a rich and highly non trivial structure of this parameter space [5, 6, 9, 10] .
One of the most interesting problem of the non perturbative dynamics of such a theory remains perhaps that of gaugino condensation. In this paper we try to find results about gaugino condensation using the recently developed techniques we are talking about. In particular we will refer to some of the results of [6] and we will determine the value of the gaugino condensate for N = 1 SU(N) gauge theories with and without matter. The result is in perfect agreement with previous computations, in particular with the so called weak coupling computation (see [14] for an exhaustive review about this controversial computation).
We start then by considering N = 1 supersymmetric U(N) gauge theory with a chiral superfield Φ in the adjoint representation of the gauge group, N f matter fields Q f in the fundamental representation and N f (Qf ) in the anti-fundamental one. The superpotential is taken to be:
If we consider values of the parameters such that 0 << m i << M we can explore the theory at different and well defined ranges of energy. Indeed at energies m i < E < M the theory looks like N = 1 supersymmetric QCD with N f massive flavors. At energy E < m i we deal instead with pure N = 1 gluodynamics. Focusing on the chiral ring, this theory has been (at least implicitly) solved in [6] . This has been possible thanks to the definition of some operators in function of which it is possible to write all the observable of the theory [4] . It has been found that these operators have to solve some equations coming from the generalized Konishi anomaly. These equations, that can be interpreted as Ward identities, arise purely at the quantum level and encode all the quantum dynamics of the theory. To explicitly solve these equations thus corresponds to determine all the observables of the theory, taking into account the full quantum dynamics.
In the first part of this paper we will deal with these equations and their implicit solution (given in [6] ) for the theory we just defined. We think this is worthwhile to do, seen the interesting limits this theory has.
The main result we will get is that the quantum non-perturbative dynamic generates a condensate of the gaugino bilinear (for every N f < N 1 ). We will determine it. The result will be found without the necessity of introducing a superpotential for this superfield (S = Tr(W α W α )) that would imply to treat it as an elementary field. However, to better interpret the results we find in the different limits we consider, we will use the relation of this gaugino condensate with the generation of a superpotential W low (Λ). Once we have it, we can write different effective superpotentials integrating in different fields. This procedure is now well understood (see for example [11] ) and its validity (in the form we will use) founds on the Intrilligator-Leigh-Seiberg (ILS) linearity principle. In the case at hand the validity of this principle is further supported by the constraints coming from the global symmetries of this theory [11] . We can then freely integrate in and out different fields and consider different ranges of energies depending on what we are interested in.
In this way, we will be able to compare the results with the literature. We will then derive the Veneziano-Yankielowicz superpotential for pure N = 1 gluodynamics and both the Veneziano-Yankielowicz-Taylor and Affine-Dine-Seiberg superpotentials for N = 1 supersymmetric QCD.
However, let me stress once more that this extrapolation 'off-shell' of the results is not necessary and that, at a basic level, what we find is the value of the gaugino condensate of these theories, that has not necessarily to be explained by the minimization of a superpotential for the field S.
In the second part of the paper we turn to consider more general patterns of breaking,
1 For N f ≥ N baryons should be included obtained by means of more general choices of W (Φ)
such that the low energy dynamics is that of a gauge theory with gauge group n i=1 U(N i ). In this case, a superpotential for the S i cannot be derived by the "integrating-in" procedure as we will do for the particular choice (1) . The reason is that, when the gauge group factorizes, the different condensates do not couple to independent sources (in the microscopic Lagrangian it appears only one gauge coupling, the one of the underlying U(N) theory). However, following the lines of [5] , we will try to say something about the structure of the parameter space of such a theory. For this analysis we will concentrate on the case with N f = 0, so that precise order parameters for the underlying U(N) theory can be well defined [5] .
We will find that, given a partition of N i and a particular vacuum where the confinement index, (as it has been defined in [5] ), is t, it is easy to build up m vacua with t as confinement index, where m is the minimum commune multiple of the N i . We will define then a low energy discrete chiral 'effective' symmetry under which these vacua are naturally permuted. This symmetry will relate different branches of the moduli space. A non trivial consequence that follows from this is that there are always a multiple of m vacua for every value of the confinement index. We will finally investigate the relation of this structure with the multiplication map defined in [13] .
Computation of the gaugino condensate
We consider N = 1 supersymmetric U(N) gauge theory with a chiral superfield Φ in the adjoint representation of the gauge group, N f matter fields Q f in the fundamental representation and N f anti-fundamental fieldsQf . The superpotential is taken to be:
where we choose the matrix mf f = m f δf f to be diagonal and such that m f are canonically normalized masses. Moreover we define B = Det(m). As already discussed in the introduction, in [6] it has been shown that the full quantum theory can be described by a Riemann surface and some functions (or differential forms) on it. The general solution reads (see equation (5.17 ) of [6] ):
where P (z) is a degree N polynomial, f in our case is a constant, related to the gaugino condensate S by [13] :
and α/4 = Λ
2N −N f I and Λ I is the dynamically generated scale of the theory, in the subtraction scheme related to the standard N = 2 parent theory when the interaction between the fundamental matter and the adjoint chiral superfield is neglected. Let me define also other scales related to this one by the following renormalization group matching conditions:
These scales are the physical scales of the theory, each one corresponding to a different range of energy. We fix our parameters such that 0 << m i << M, where all the m i (i = 1 . . . N f ) are of the same order of magnitude. We can then study the theory in three different regimes:
• at energy E > M the theory is the UV theory we just described, with its natural scale Λ I
• at energy m i < E << M the adjoint superfield Φ decouples and we are left with N = 1 supersymmetric QCD with N f massive flavors. The dynamical generated scale of this theory is Λ II
• at energy E << m i also the fundamental and anti-fundamental fields decouple and we deal then in all respects with pure N = 1 gluodynamics, characterized by its scale Λ III .
Let's turn now to the solution of our model. Starting from the microscopic theory with superpotential (3), we can easily get from (4)
We know [6] that solving (8) corresponds to solve the full theory.
To this aim, we consider now Chebyshev polynomial (see Appendix A), in terms of which a solution to (8) can be found and it is:
T N (z) and U N −1 (z) are the Chebyshev polynomials respectively of the first and second kind (see Appendix A). What is most important for us is that the solution also implies:
Moreover, we know that the equation (8) has been proved to have a unique solution in a very analogous case [7] and that proof is also valid for the case we are considering here. From (5) and (11) it is now easy to see that the gaugino condensate is non vanishing and it is equal to
We begin to notice that for E << m i , writing thus (12) in function of Λ III , we get
This is in perfect agreement with the expectations of the so called 'weak coupling computation' for pure N = 1 gluodynamics (see [14] and references therein).
In the next subsection, using standard techniques to integrate in and out various fields, we will relate these results to the known superpotentials.
Determination of the superpotentials
Consider that the field S is canonically conjugated to ln Λ 2N −N f I and from
together with (12) we can find the low energy dynamically generated superpotential
We are interested in studying the SU(N) dynamics of supersymmetric QCD (or eventually its low energy limit), so we will always make the limit M → ∞ to decouple the adjoint chiral superfield. Using then (7) equation (15) becomes:
Now that we have found that a dynamical potential is generated in supersymmetric QCD and we have derived it, we are left with different possibilities. Indeed, as already anticipated, using the ILS linearity principle [12] , whose validity in this case is supported by the constraints coming from the symmetries of the theory under discussion, we can integrate in different fields. According to which fields we integrate in and to which range of energy we consider, we will get different superpotentials.
Let's start to integrate in S. From (15) we straightforwardly get the result. It can be written in function of the various scales of the theory. Of course each expression makes sense in the appropriate range of energy.:
Consider then the superpotential (19). It has to be understood as the superpotential at energies much lower then the quarks' masses. As discussed, at those scales the theory we are considering reduces to pure N = 1 gluodynamics. It is immediate to see now that (19) is the standard Veneziano-Yankielowicz superpotential, whose minimization gives the correct value of the gaugino condensate.
We can now use (18) to integrate in the N f flavors and find thus the superpotential for both the gaugino condensate and the mesons in N = 1 supersymmetric QCD. We easily get:
This is the Veneziano-Yankielowicz-Taylor superpotential [16] .
Another interesting possibility we have is to use our starting point (16) to integrate in the chiral fundamental and anti-fundamental fields. The further relation we need is
It's easy to get the result for one flavor. However, for generic number of flavors (always N f < N) after having integrated in q flavors we get the superpotential:
We can easily continue this procedure until we integrate all the N f flavors and we finally get:
This is precisely the non-perturbative Affine-Dine-Seiberg superpotential.
3 On the vacua of N = 1 SYM theory Now we turn to consider more general superpotentials for the adjoint field but, for reasons explained in the introduction, we restrict ourselves to the case N f = 0. The aim is to study the structure of the moduli space of vacua. We deal with U(N) gauge theory with N = 1 supersymmetry and a chiral superfield Φ in the adjoint representation. The superpotential is taken to be:
Our aim is to study the effective Lagrangian for the low energy gauge theory with gauge group i U(N i ). A necessary assumption to do this is that the critical points of W are distinct, so that all the components of Φ are massive classically. We then suppose that the underlying U(N) gauge theory is weakly coupled at the scale set by those masses, so that the low energy physics is simply that of pure supersymmetric gauge theory with classical gauge group i U(N i ) ∼ U(1) n × n i=1 SU(N i ). The physical scale of this theory, Λ II , is related to the ultraviolet one, Λ I , by renormalization group matching conditions, namely:
This theory has been recently extensively studied and it is known it has an effective superpotential [4] 
where S i are U(N i ) composites of gauge fields
andŜ i are SU(N i ) composite fields. For small S i , (following the notation of [5] ) the superpotential (26) reduces to:
where b k = r k − r 1 are integer numbers and in these conventions b 1 = 0.
We can equivalently define this superpotential directly in terms of the r i variables, so that some aspects we are going to analyze will emerge more clearly. Then we get:
where the integer r i are arbitrary. The purpose of this section is to analyze the vacuum structure of such a theory, emphasizing the properties of the θ-angle defining the different vacua. We will define an 'effective' chiral symmetry useful in understanding this low energy physics. It will turn out that this is rather convenient in describing certain properties of the vacua with the same value of the confinement index (as it has been defined in [5] ). In particular it will be possible to count them and find interpolation between vacua that are on different branches. Some of the properties of these vacua can be better understood referring to the multiplication map defined in [13] . We then briefly review it here elucidating its relations with the θ-vacua.
Multiplication map
In [13] it was constructed a map that, for any positive integer t, associates vacua of the U(N) theory with a given superpotential to vacua of the U(tN) theory with the same superpotential. In particular in [5] it was shown that under this map, all the periods of the one form T (z) dz, the generating function of the observables Tr Φ k , are multiplied by t. It is thus easy to see that
From this equation plus renormalization group considerations, it follows also that the dynamically generated scales of the two theories under consideration (U(N) and U(tN)) are the same. These relations are consistent with what has been derived in [5] . Indeed also there the authors pointed out that:
where η 2t = 1. Here I would like to emphasize also that this relation (by holomorphy) naturally implies that θ tN = tθ N + 2πik with k = 1, . . . t, consistently with (30). These relations can also be generalized to the case of the low energy N = 1 SYM theory (whose physical scale is Λ II ). Indeed let us start considering the breaking U(N) → U(1) × SU(N). Following [5] and using Chebyshev polynomial (see Appendix A), we see that this occurs when the factorization of SW curve occurs with the following function:
where ρ 2N = 1. From this, using the relations
Now it is easy to see that under multiplication map, we have
where again ρ 2N = 1 and η 2t = 1. Then we find the following relations for the phases of the gaugino condensate (ϕ) in the two theories, (let me add now an extra index 'i' to generalize these considerations to the case of U(N) → i U(N i )):
with r i = 1, . . . , N i and l i = 0, . . . t − 1. From this expression the relations between the θ-angles of the two related theories follow in a straightforward way. Indeed, for each value of the angle of the U(N i ) theory (equivalently for fixed r i ), there are t corresponding angles in U(tN) (corresponding to l i = 0, . . . , t − 1), namely (ignoring the dependence on "i"):
In the spirit of [5] we can see that this l is the parameter related to the quantum numbers of the condensing object in the confining SU(N i ) theory, (namely W l H, as defined in [5] , do condense). From [5] we know also that in a branch of confining index t we have at least t vacua. As we are going to count them, let's review here that argument. It relies on the multiplication map just defined. We start from a Coulomb vacuum in the theory U(N) → U(N i ) to study the t confining vacua we have in U(tN) → U(tN i ). The b i = r i+1 − r i label different SU(N i ) vacua. We are considering a Coulomb vacuum in U(N). Then we have that the greatest common divisor between the N i and the b i , (that we label as (N i , b i )), is 1. Under the multiplication map, it follows that (tN i ,b i ) = t, where with the tilde we refer to the U(tN) quantities (b i = tb i ). Now let's considerr i = u i + tr i with u = 0, . . . , t − 1. We have then that nowb i = (u i+1 − u i ) + t(r i+1 − r i ). It is easy to see that if u i = u i+1 we have that also now (tN i ,b i ) = t(N i , b i ) = t and we have then found the t vacua with confinement index t. It follows also that if u i = u i+1 , (tN i ,b i ) = t. Then we recover the result that for every Coulomb vacuum of U(N) we find precisely t confining vacua with index t in U(tN) and that we can have no more.
In the next subsection, using arguments related to the symmetries of the low energy effective action, we will count these vacua in a different way, finding then a different (but not contradictory) result.
Global symmetries
Let us come to the analysis of the global symmetries of such a theory. In terms of the microscopic degrees of freedom, it has two continuous global U(1) symmetries [4] :
These are the standard symmetries of the adjoint theory. But let us consider an 'effective' symmetry that is present at low energy, when the adjoint scalar is integrated out and we are left with just N = 1 SYM theory with gauge group n i=1 SU(N i ) and some trivial free abelian theory. As long as the couplings between the different gauge factors are negligible, the different gauge groups don't interact and we can then define n such effective symmetries, that act in the following way:
Out of these symmetries it is possible to define a diagonal one (let's call it U(1) R ) that satisfies two natural requirements:
• all the W i α have integer charge,
• the (unique) well defined scale of the low energy theory (Λ 3N II = Λ 2N I g N 1 ) has definite charge under this symmetry.
We then get the following charges for this symmetry:
where m is the minimum commune multiple of the N i (that we indicate with [N i ]).
It is now easy to see that under this symmetry all the θ i angles are shifted by the same quantity, namely
. This would correspond to shift all the r i appearing in the Lagrangian (29) by 2mα. Moreover, from the form of the Lagrangian (29), we notice that this corresponds to the action of a global U(1) symmetry under which the θ angle of the underlying U(N) theory shifts by 2mα, leaving the r i unchanged. We can thus also see that Λ 3N II has charge 2m as the Λ 3N i i . Indeed this can be verified by threshold matching conditions that relates the different physical scales:
where the Σ i are dimensional factor neutral under U(1) R . It follows now that only a discrete subgroup of this U(1) R is really a symmetry for the low energy effective theory. Indeed from the action of this symmetry on the θ-angle we have that only discrete values of α are allowed, namely
Now, from the charges of the superfields W i α it is clear that the action of the symmetry reduces to the identity operation when α = 2lπ, with l an integer. From this and (39) it immediately follows that the actual 'effective' symmetry is a Z 2m subgroup of U(1) R . Moreover, in each vacuum, fixed by the values of the S i , this symmetry is spontaneously broken to Z 2 . We have then m distinct vacua, permuted by this Z 2m symmetry. All these vacua are contained in the Lagrangian (29), with fixed values of the parameters r i but for different values of the θ angle. However these different θ-vacua are related by shifts of integer multiples of 2π. On physical grounds, it appears then natural that all these vacua have the same value of the confinement index. Indeed they are related by a symmetry and we expect the physics to be 2π periodic in the θ angle of the underlying U(N) theory.
Then we claim rather generally that, given a partition of N i and a partition of b i such that the confinement index is t, there are m (or a multiple of m) vacua with t as confinement index. These vacua are naturally permuted by the discrete chiral Z 2m low-energy symmetry.
The mathematical relation which proves this statement is the following number theory property 2 :
with α I and β I arbitrary integers. A non trivial consequence that follows from this is that there are always a multiple of m vacua for every value of the confinement index. It is moreover worthwhile to note that these m vacua, connected by the Z 2m effective symmetry, can in general be on different branches 3 of the parameter space. This discrete chiral symmetry can then, at least partially, motivate the presence of many branches.
To understand how this is related to the properties of the multiplication map it is better to see how it works in a simple example, that we work out in appendix B.
Conclusions
In this paper I have determined the value of the gaugino condensate in N = 1 SU(N) gauge theory. My findings are in agreement with the literature. In particular they reproduce the result of the 'weak coupling' approach.
The structure of the parameter space of the theory is analyzed, finding relations between vacua with the same value of the confinement index.
All this analysis has been performed using purely field theoretic tools. However there are many analogies with some recent string theory findings. The embedding of this field theoretic approach in string/M theory surely deserves investigation.
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A Chebyshev polynomials
There are two kind of Chebyshev polynomials (T N (z) and U N −1 (z)). They are defined as follows:
T N (z) = cos(Nθ)
where z = cos θ, being thus both cos(Nθ) and sin(Nθ)/ sin θ polynomials in z. They are related by an identity that can be easily checked:
B Example
Let us consider now the theory U(5) → U(2) × U(3). At low energy, in the semiclassical limit, it is possible to see the six vacua of this theory as the product of two vacua a of U(2), (with a = 1, 2 labeling for example the values of the phase of S 1 , related by 2π shift in θ 2 ), with three vacua a ′ of U(3), (analogously with a ′ = 1, 2, 3). Then the six vacua are the following: a ′ a θ 5 b t 1 1 0 0 1 2 2 2π 0 1 3 1 4π 2 1 1 2 6π 1 1 2 1 8π 1 1 3 2 10π 1 1 All these vacua are Coulomb vacua and these are all the vacua for this choice of N i . It's worthwhile to stress that all these vacua are vacua of the same low energy effective Lagrangian
